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ABSTRACT 
STOCHASTIC ANALYSIS OF HYDROLOGIC SYSTEMS 
Hydrologic  phenomena are i n  r e a l i t y  s tochas t i c  i n  nature; t h a t  i s ,  t h e i r  
behavior changes w i t h  the t ime i n  accordance w i t h  the law o f  p r o b a b i l i t y  
as w e l l  as w i t h  the  sequent ia l  r e l a t i o n s h i p  between the occurrences o f  
the  phenomenon. I n  order  t o  analyze the  hydro log ic  phenomenon, a  mathe- 
mat ic  model o f  the s tochas t i c  hyd ro log i c  system t o  s imu la te  the  phenom- 
enon must be formulated. I n  t h i s  study, a  watershed i s  t rea ted  as the 
s tochas t i c  hydro log ic  system whose components o f  p r e c i p i t a t i o n ,  runof f ,  
storage and evapot ransp i ra t ion  are s imulated as s tochas t i c  processes by 
t ime ser ies  models t o  be determined by correlograms and spec t ra l  analys is .  
The hyd ro log i c  system model i s  then formulated on the basis o f  the p r i n c i -  
p l e  of conservat ion o f  mass and composed o f  the component s tochas t i c  proc- 
esses. To demonstrate the p r a c t i c a l  a p p l i c a t i o n  o f  the method o f  analys is  
so developed, the upper Sangamon River basin above Mon t i ce l l o  i n  east  
cen t ra l  I l l i n o i s  i s  used as the sample watershed. The watershed system 
model so formulated can be employed t o  generate s tochas t i c  streamflows 
f o r  p r a c t i c a l  use i n  the analys is  o f  water resources systems. This i s  
o f  p a r t i c u l a r  value i n  the economic planning o f  water supply and i r r i g a -  
t i o n  p ro jec ts  which i s  concerned w i t h  the  long-range water y i e l d  o f  the 
watershed. 
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I. l NTRODUCT I ON 
I t  i s  g e n e r a l l y  noted t h a t  t h e  n a t u r a l  h y d r o l o g i c a l  system and 
hyd ro l og i  c  process a r e  t r u l y  "s tochas t i c"; t h a t  i s ,  t h e  behav io r  o f  t h e  
system o r  t h e  process v a r i e s  w i t h  a  sequen t i a l  t ime f u n c t i o n  o f  the  proba- 
b i l i t y  o f  occurrence [1,2].9: I n  o t h e r  words, t h e  h y d r o l o g i c  phenomenon 
changes w i t h  t h e  t ime  i n  accordance w i t h  t h e  law o f  p r o b a b i l i t y  as w e l l  
as w i  t h  t he  sequen t i a l  r e l a t i o n s h i p  between i t s  occurrences. For example, 
the  occurrence o f  a  f l o o d  i s  cons idered t o  f o l l o w  t he  law o f  p r o b a b i l i t y  
and a l s o  t h e  r e l a t i o n s h i p  w i t h  the antecedant f l o o d  c o n d i t i o n .  
Most conven t iona l  methods f o r  h y d r o l o g i c  designs a r e  "de te r -  
m i n i s t i c , "  t h a t  i s ,  t h e  behav io r  o f  t h e  h y d r o l o g i c  system o r  process i s  
assumed independent o f  t ime v a r i a t i o n s .  For  example, a  u n i t  hydrograph 
' de r i ved  f o r  a  g i ven  r i v e r  bas in  f o r  f l o o d - c o n t r o l  p r o j e c t  des ign i s  based 
on h i s t o r i c a l  f l o o d  records.  Once der i ved ,  t h e  u n i t  hydrograph i s  used 
f o r  ana l ys i s  o f  f u t u r e  des ign f l oods .  Thus, i t  i s  a u t o m a t i c a l l y  assumed 
unchanged w i t h  t ime  ( f rom the  pas t  t o  t he  f u t u r e )  and t he re fo re  i s  
d e t e r m i n i s t i c .  
Some conven t iona l  methods employ t h e  concept o f  p r o b a b i l i t y  t o  
the  e x t e n t  t h a t  no sequen t i a l  r e l a t i o n s h i p  i s  i n v o l v e d  i n  t h e  p r o b a b i l i t y .  
For example, t he  f l o o d  record i s  analyzed and f i t t e d  w i t h  a  c e r t a i n  proba- 
b i l i t y  d i s t r i b u t i o n  t o  determine t he  recurrence i n t e r v a l s  o f  t h e  f l o o d  o r  
t h e  f l o o d  f requenc ies .  Such methods a r e  "probabi  1 i s t i c "  b u t  n o t  i n  t he  
t r u e  sense "s tochast  i c." 
: Numbers i n  parentheses r e f e r  t o  re fe rences  l i s t e d  a t  t h e  end o f  t h e  
r e p o r t .  
The s t o c h a s t i c  method, t h a t  i s  t o  employ t h e  concept o f  proba- 
b i l i t y  as w e l l  as i t s  sequent ia l  r e l a t i o n s h i p ,  has no t  been w e l l  i n t r o -  
duced i n  t h e  p r a c t i c a l  des ign and p lann ing  of h y d r o l o g i c  p r o j e c t s ,  because 
such methods have no t  been f u l l y  developed. Whi le  t h e  n a t u r a l  h y d r o l o g i c  
phenomenon i s  s t o c h a s t i c ,  i t  i s  impor tan t  t o  develop t h e  s t o c h a s t i c  method 
o f  h y d r o l o g i c  ana l ys i s  f o r  h y d r o l o g i c  system design. Convent ional  methods, 
d e t e r m i n i s t i c  and p r o b a b i l i s t i c ,  which do no't conform more c l o s e l y  t o  t h e  
n a t u r a l  phenomenon, w i l l  produce r e s u l t s  t h a t  depar t  from t h e  t r u e  behavior  
o f  the  h y d r o l o g i c  phenomenon and hence have t h e  p o s s i b i l i t y  t o  e i t h e r  over-  
des ign o r  underdes i g n  the  hyd ro log i  c  p r o j e c t  [ 3 ] .  
The o b j e c t i v e  o f  t h i s  s tudy i s  t o  f o rmu la te  t h e  mathematical 
model o f  a  s t o c h a s t i c  h y d r o l o g i c  system and t h e  mathematical models o f  
t he  h y d r o l o g i c  processes i n  t he  system, us ing  t h e  watershed as an exam- 
p l e  o f  t h e  h y d r o l o g i c  system. I n  t h i s  s tudy ,  i n  o t h e r  words, t he  frame- 
work o f  a  method was developed t o  u t i l i z e  mathematical  models t o  s imu la te  
t he  s t o c h a s t i c  behav io r  o f  a  watershed as t he  h y d r o l o g i c  system. The 
mathematical models so developed should have a  p ' r ac t i ca l  a p p l i c a t i o n  t o  
the  ana l ys i s  o f  h y d r o l o g i c  systems i n  t he  wate r  resources p lann ing  and 
development. 
The i n i t i a l  s t ep  o f  t he  s tudy  invo lved  a  comprehensive review 
o f  t he  a p p l i c a t i o n  o f  t he  theory o f  s t o c h a s t i c  process i n  hydro logy.  The 
r e s u l t s  o f  t h i s  i n i t i a l  s t ep  o f  i n v e s t i g a t i o n  a r e  repo r ted  sepa ra te l y  as 
"Water Resources Systems Ana lys is  - Annotated B ib l i og raphy  on S tochas t i c  
Processes" [4.] and "Water Resources Sys tems Ana l y s  i s  - Review of  S tochas t i c  
Processes'' [5]. 
11. FORMULATION OF THE HYDROLOGIC SYSTEM MODEL 
I n  t he  f o r m u l a t i o n  o f  the  h y d r o l o g i c  system model, a  watershed 
i s  used as t h e  h y d r o l o g i c  system a l though  t he  mathematical  approach would 
be e q u a l l y  a p p l i c a b l e  t o  o t h e r  k i nds  o f  h y d r o l o g i c  systems w i t h  some modi- 
f i c a t i o n s  depending on t he  na tu re  o f  t h e  system. The watershed i s  t r e a t e d  
as a  h y d r o l o g i c  system which has an i npu t ,  ma in ly  r a i n f a l l ,  and an ou tpu t ,  
ma in l y  r u n o f f  and evapo t ransp i r a t i on .  The i n p u t  and ou tpu t  a r e  t o  be 
t r e a t e d  as t ime  s e r i e s  o r  s t o c h a s t i c  processes which desc r i be  t he  stochas- 
t i c  behav io r  o f  t he  i npu t  and ou tpu t  processes. The amount o f  wa te r  
s t o r e d  i n  t h e  watershed i s  a l s o  t r e a t e d  as a  t ime  s e r i e s  o r  s t o c h a s t i c  
process which descr ibes  t he  s t o c h a s t i c  na tu re  o f  i n f i l t r a t i o n ,  subsur face 
r u n o f f  and the  s o i l  mo i s tu re  and groundwater s torages.  
To f o rmu la te  a  mathematical  model f o r  t h e  watershed h y d r o l o g i c  
system, t he  r u n o f f  i s  cons idered as t h e  i n t e g r a l  p roduc t  o f  t h r e e  compo- 
nent  s t o c h a s t i c  processes ; namely, ( 1 )  a  "conceptual  watershed s torage"  
a t  t he  end o f  t h e  t - t h  t ime  i n t e r v a l  rep resen t ing  t h e  s to rage  o f  wa te r  
on the  ground sur face ,  such as lakes,  ponds, swamps and streams, as w e l l  
as below t h e  ground sur face ,  such as s o i l  mo i s tu re  and groundwater r ese r -  
v o i r s ,  ( 2 )  t h e  t o t a l  r a i n f a l l  i n p u t  du r i ng  t he  t - t h  t ime  i n t e r v a l ,  and 
(3 )  t he  t o t a l  losses,  ma in l y  evapot ranspi  r a t i o n ,  du r i ng  t he  t - t h  t ime  
i n t e r v a l  . These t h r e e  component s t o c h a s t i c  processes can be mathemat i- 
c a l l y  represented r e s p e c t i v e l y  by t ime  s e r i e s  f u n c t i o n s  [ ~ ( t ) ;  tET], 
[ ~ ( t )  ; tET] and [E  ( t )  ; ~ G T ]  where T i s  t he  t ime range under c o n s i d e r a t i o n  
o r  t he  l eng th  o f  t h e  h y d r o l o g i c  record.  These s t o c h a s t i c  processes can 
be s imp l y  denoted by S t ,  X t  and E t ,  r e s p e c t i v e l y .  They a r e  n o t  cons idered 
as independent b u t  as a  s t o c h a s t i c  v e c t o r  [ S  ( t )  , x ( t )  , E ( t )  ; ~ C T ]  . The 
theory  o f  t ime  s e r i e s  can t h e r e f o r e  be used t o  f o rmu la te  t h e  s t o c h a s t i c  
model o f  t h i s  vec to r .  A r i go rous  mathematical  ana l ys i s  o f  t h i s  vec to r  
would r e q u i r e  t he  use of  t h e  theory  o f  m u l t i p l e  t ime s e r i e s  ana l ys i s  [61. 
I n  view o f  t he  accuracy of  the  n a t u r a l  h y d r o l o g i c  data and f o r  the  pur-  
pose of  p r a c t i c a l  a p p l i c a t i o n  w i t h o u t  r e s o r t i n g  t o  excess ive mathematical 
involvement,  t h e  s t o c h a s t i c  vec to r  i s  t o  be analyzed by t he  s i n g l e  t ime 
s e r i e s  ana l ys i s  techniques o f  corre logram and spectrum i n  combinat ion 
w i t h  t he  cross-spectrum theory which p rov ides  a power fu l  t o o l  i n  the  
ana l ys i s  o f  m u l t i p l e  t ime se r i es .  
By the  b a s i c  concept o f  system c o n t i n u i t y ,  t he  runo f f ,  which i s  
a  s t o c h a s t i c  process o f  t o t a l  r u n o f f  ou tpu t  du r i ng  t h e  t - t h  t ime i n t e r v a l  . 
as denoted by [ ~ ( t ) ;  t € ~ ]  o r  s imply  Y t ,  can be r e l a t e d  t o  t he  o t h e r  t h ree  
component s t o c h a s t i c  processes o f  t he  h y d r o l o g i c  system as f o l l o w s :  
where S t m l  i s  t he  conceptual  watershed s to rage  a t  the  beginn ing o f  t - t h  
t ime i n t e r v a l .  
111. MATHEMATICAL TECHNIQUES 
A. Mathematical  Models f o r  Time Ser ies 
I n  t h i s  s tudy t h ree  models o f  t ime s e r i e s  which have been used 
i n  h y d r o l o g i c  s tudy were reviewed. These models o r  t h e i r  combinations 
would be employed t o  s imu la te  the  h y d r o l o g i c  s t o c h a s t i c  processes. The 
h y d r o l o g i c  t ime s e r i e s  i s  denoted by [u t ;  tET] where u i s  t he  h y d r o l o g i c  
t 
v a r i a b l e  a t t r i b u t e d  t o  t h e  t - t h  t ime i n t e r v a l  and T i s  t h e  l eng th  o f  t h e  
hydro 1 og i c record. 
1 .  Moving-Average Model. Th is  model may be expressed as 
where E i s  a  random v a r i a b l e ;  al, a2, ..., am a re  t h e  weights ;  and m i s  
t he  e x t e n t  o f  t h e  moving average. Th is  equa t ion  may be taken as t he  
model represen t ing  t he  r e l a t i o n  between, say, annual r u n o f f  u  and, say, 
annual e f f e c t i v e  p r e c i p i t a t i o n  E,  where m i s  t he  ex ten t  o f  the  car ryover  
due t o  t he  w a t e r - r e t a r d a t i o n  c h a r a c t e r i s t i c s  o f  t he  watershed. For such 
a model, t h e  weights  al, a2, ..., a must be a l l  p o s i t i v e  and sum t o  m 
u n i t y .  By v i r t u e  o f  t he  moving average on the  E ' S ,  t he  s imu la ted  t ime 
s e r i e s  u i s  no t  random b u t  s tochas t i c .  
2. Sum-of-Harmonics Model. Th is  model may be expressed as 
N 
2IT't 2IT-t Ut = 1 (A .  J cos -J-+ T B .  J s i n  +) + E t  
where A and 0 .  a re  t he  ampl i tudes; 2 r j t / T  i s  t he  p e r i o d  o f  c y c l i c i t y  j J 
w i t h  j = 1,2, ..., and N be ing t he  number o f  record  i n t e r v a l s  i n  months, 
years o r  o t h e r  u n i t s  used i n  t he  ana l ys i s ;  and E~ i s  a random v a r i a b l e .  
Th is  equa t ion  may be taken as a  model represen t ing  a  r e g u l a r  o r  o s c i l l a -  
t o r y  form o f  v a r i a t i o n s ,  such as d i u r n a l ,  seasonal and secu la r  changes 
t h a t  e x i s t  f r equen t l y  i n  h y d r o l o g i c  phenomena. Such v a r i a t i o n s  a r e  o f  
n e a r l y  constant  p e r i o d  and they may be assumed s i nuso ida l  as s imu la ted  
i n  t h e  model. 
3. Autoregress ion Model. The general  form o f  t h i s  model may 
be expressed as 
t U u  = f (u t - l ,  t-2' 9 U ) + E t  t - k  
where f (  ) i s  a  mathematical f u n c t i o n ,  k  i s  an i n t e g e r ,  and E~ i s  a  ran- 
dom v a r i a b l e .  A spec ia l  case o f  t h i s  model i s  t he  l i n e a r  au to regress ive  
model o f  the  n - t h  o rder :  
where a  I, a2, . - a ,  a a re  t he  regress ion  c o e f f i c i e n t s .  For n  = 1 ,  t h e  
n  
above equat ion  becomes t he  f i r s t - o r d e r  Markov process: 
where a  i s  t he  Markov-process c o e f f  i c i e n t  . 
The au to regress ion  model may be used as a model represen t ing  
h y d r o l o g i c  sequences whose nonrandomness i s  due t o  s to rage  i n  t h e  hydro- 
l o g i c  system, such as a  watershed. 
B. The Correlogram 
The choice o f  an app rop r i a te  t ime s e r i e s  model f o r  a  g i ven  
h y d r o l o g i c  process i s  n o t  an easy task  because the  above-mentioned t h ree  
models a l l  e x h i b i t  o s c i l l a t i o n s  resembl ing t he  f l u c t u a t i o n s  which one 
u s u a l l y  observes on most h y d r o l o g i c  da ta  by v i s u a l  inspec t ion .  A w e l l -  
known a n a l y t i c a l  approach which can h e l p  one t o  s e l e c t  t he  bes t  model i s  
t h e  ana l ys i s  o f  t he  sample correlogram. 
The corre logram i s  a  g raph i ca l  r ep resen ta t i on  o f  t h e  s e r i a l  
c o r r e l a t i o n  c o e f f i c i e n t  r as a f u n c t i o n  o f  t he  l a g  k  where t h e  values rk k 
a re  p l o t t e d  as o rd ina tes  aga ins t  t h e i r  r espec t i ve  values of  k  as abscissas 
I n  o rde r  t o  reveal  t he  f ea tu res  o f  t he  corre logram b e t t e r ,  t he  p l o t t e d  
p o i n t s  a re  j o i n e d  each t o  t he  nex t  by a s t r a i g h t  l i n e .  The s e r i a l  co r re -  
l a t i o n  c o e f f i c i e n t  o f  lag  k  i s  computed by 
. where cov(ut ,  u  ) i s  t he  sample autocovar iance and va r (u t )  and ~ a r ( u ~ + ~ )  t+k 
a re  t h e  sample var iance;  o r  
and 
The corre logram prov ides  a  t h e o r e t i c a l  bas is  f o r  d i s t i n g u i s h i n g  
among t h e  t h ree  types o f  o s c i l l a t o r y  t ime s e r i e s  mentioned p r e v i o u s l y .  I t  
has been proved a n a l y t i c a l l y  t h a t  i f  t h e  t ime s e r i e s  i s  s imu la ted  by a  
moving-average model f o r  random elements o f  e x t e n t  m, then t he  c o r r e l o -  
gram w i l l  show a  decreas ing l i n e a r  r e l a ' t i o n s h i p  and vanishes f o r  a l l  
va lues o f  k > m. For a sum-of-harmonics model, t he  corre logram i t s e l f  i s  
a  harmonic w i t h  per iods  equal t o  those o f  t he  harmonic components o f  t h e  
model and i t  w i l l  t h e r e f o r e  show t h e  same o s c i l l a t i o n s .  I n  t h e  case o f  
an au to regress ion  model, t he  corre logram w i l l  show a  damping o s c i l l a t i n g  
curve. I n  t h e  case of  a  f i r s t - o r d e r  Markov process w i t h  a  s e r i a l  c o r r e l a t i o n  
c o e f f i c i e n t  r l , i t  w i l l  o s c i l l a t e  w i t h  p e r i o d  u n i t y  above t h e  absc issa 
w i t h  a  decreasing b u t  nonvanishing ampl i tude i f  r l  i s  nega t i ve  [ 7 ] .  
I t  may be noted t h a t ,  when t h e  t ime s e r i e s  i s  t oo  s h o r t ,  t h e  
computed corre logram may e x h i b i t  s u b s t a n t i a l  sampl ing v a r i a t i o n s  and thus 
may conceal i t s  a c t u a l  form. 
C .  The Spectrum Ana lys is  
Th is  method i s  another d i a g n o s t i c  t o o l  f o r  t he  ana l ys i s  o f  
t ime s e r i e s  i n  t h e  frequency domain, which can h e l p  develop an app rop r i a te  
t ime s e r i e s  model f o r  t h e  h y d r o l o g i c  process. 
A l l  s t a t i o n a r y  s t o c h a s t i c  processes can be represented i n  t h e  
form 
where i = J-i- and z(w) i s  a complex, random f u n c t i o n .  Us ing t h i s  as a 
genera t ing  process, i t  can be shown t h a t  the  autocovar iance f o r  a s t a -  
t i ona ry  process i s  [ a ]  
where i = , k i s  t h e  t ime lag,  w i s  the  angular  f requency, and F(w)/yo 
i s  a d i s t r i b u t i o n  f u n c t i o n  mono ton i ca l l y  inc reas ing  and bounded between 
F(-IT) = 0 and F(IT) = Yo = o2 where o i s . t h e  s tandard d e v i a t i o n .  The func- 
t i o n  ~ ( w )  i s  c a l l e d  t h e  "power s p e c t r a l  d i s t r i b u t i o n  f unc t i on . "  For k = 0, 
Eq. (12) g ives  
, which shows t h a t  dF(w) represents  t he  va r i ance  a t t r i b u t e d  t o  t h e  frequency 
band (w, w+dw) . Thus, dF (w) = f (w) dw where f (w) i s ca 1 1 ed t h e  "power 
spectrum" o f  t h e  process. 
I n  t h e  p r a c t i c a l  h y d r o l o g i c  a p p l i c a t i o n  o f  t h e  s p e c t r a l  theory 
t h e  processes a r e  r e a l  and t he  imaginary component i s  dropped o f f ,  thus 
Eq. (12) becomes 
k 
= 2 /IT coskw f (w)dw 
0 
The mathematical i n v e r s i o n  of  t h e  above equat ion  g i ves  t h e  power spectrum 
For a f i n i t e  amount o f  da ta  [u t ;  ~ E T ]  an es t ima te  o f  t he  power spectrum i s  
where C i s  t he  autocovar iance f o r  a  t ime lag  k. k  
The es t imate  o f  the  power spectrum by Eq.  (16) i s  c a l  led  the  
"raw s p e c t r a l  est imate"  because i t  does, no t  g i v e  a  smooth power s p e c t r a l  
diagram. To a d j u s t  f o r  t h e  smoothness, i t  i s  common t o  use t h e  "smoothed 
s p e c t r a l  est imate ' '  i n  t he  form 
where h  (w) a re  se lec ted  we igh t ing  f a c t o r s  and m i s  a  number t o  be chosen k  
much less  than T. A commonly used we igh t i ng  f a c t o r  i s  t he  "Tukey-Hamming" 
weights  [91: 
57k hk(w) = 0.54 + 0.46 cos 
where m i s  taken as less than T/10. 
The s i g n i f i c a n c e  o f  t h e  spectrum i s  t h a t  i t  e x h i b i t s  less 
sampling v a r i a t i o n s  than the  corresponding correlogram. Consequently, t he  
es t imated  spectrum would p rov ide  a  b e t t e r  e v a l u a t i o n  o f  t h e  var ious  param- 
e t e r s  invo lved  i n  a  model. I f  t h e  genera t ing  process con ta ins  p e r i o d i c  
terms, t he  f requencies o f  these terms w i l l  appear as h i g h  and sharp peaks 
i n  t h e  es t imated  spectrum and the  h e i g h t  o f  t h e  peaks w i l l  g i v e  a  rough 
es t ima te  o f  the  amp1 i t ude .  
I V .  ANALYSIS OF THE HYDROLOGIC SYSTEM 
A. The Watershed under Study 
The watershed chosen as t h e  h y d r o l o g i c  system t o  be analyzed i n  
t h i s  s tudy i s  t h e  upper Sangamon R i ve r  bas in  o f  550 sq. m i .  i n  s i z e ,  above 
M o n t i c e l l o ,  I l l i n o i s ,  and loca ted  i n  eas t  c e n t r a l  I l l i n o i s .  The c r i t e r i a  
f o r  s e l e c t i n g  t h i s  watershed a re  t h a t  t he  a v a i l a b l e  h y d r o l o g i c  data such 
as t h e  p r e c i p i  t a t  ion,  s t reamf low and temperature records have a reasonably 
concur ren t  p e r i o d  and t h a t  a d d i t i o n a l  da ta  i f  needed can be r e l a t i v e l y  
e a s i l y  c o l l e c t e d  due t o  convenient  access t o  i t s  l o c a t i o n  and t o  i t s  
data c o l l e c t i n g  agencies. F i gu re  1 shows the  map o f  t h e  Sangamon R i ve r  
bas in  above M o n t i c e l l o ,  I l l i n o i s  w i t h  t he  l oca t i ons  o f  t he  stream gaging 
s t a t i o n  a t  M o n t i c e l l o  and t he  p r e c i p i t a t i o n  gages where da ta  were observed 
f o r  use i n  t he  ana l ys i s .  
B. The Hyd ro log i c  Data 
1. P r e c i p i t a t i o n .  The monthly p r e c i p i t a t i o n s  i n  inches were 
used i n  t he  ana l ys i s  as t he  h i s t o r i c a l  hydro log i ' c  i npu t s  t o  t he  watershed 
system. The da ta  were taken from t h e  " C l i m a t i c  Summary o f  t h e  Un i ted  
States"  pub l i shed  by t he  U.S. Weather Bureau f o r  I l l i n o i s .  The p e r i o d  
o f  records used i n  t he  ana l ys i s  extends from October 1914 through Sep- 
tember 1965 f o r  s t a t i o n s  a t  Urbana, C l i n t o n ,  Bloomington and Roberts,  
f rom March 1940 through September 1965 f o r  the  s t a t i o n  a t  Rantoul ,  and 
f rom June 1942 through September 1965 a t  Mont i ce l  l o .  The average monthly 
p r e c i p i t a t i o n s  over  t h e  watershed were computed by t he  Thiessen polygon 
method. 
2. Streamflow. The monthly s t reamf low records f o r  t he  
Sangamon R i ve r  a t  M o n t i c e l l o ,  I l l i n o i s ,  were used as t h e  h i s t o r i c a l  
h y d r o l o g i c  ou tpu t s  o f t h e  watershed system i n  t he  ana l ys i s .  The U.S. 
Geo log ica l  Survey, i n  i t s  coopera t i ve  program w i t h  t he  I l l i n o i s  S t a t e  
Water Survey and o t h e r  s t a t e ,  l o c a l  and f ede ra l  agencies, c o l l e c t s  long- 
term st reamf low records t o  determine t he  performance of r i v e r s  and streams. 
The gaging s t a t i o n  on the Sangamon R iver  about one-hal f  m i l e  west o f  
M o n t i c e l l o  had pub l i shed  data a v a i l a b l e  f o r  t h e  per iods  o f  February 1908 
t o  December 1912 and June. 1914 t o  September 1968. The monthly stream- 
f lows from September 1914 through September 1965 were used i n  t he  ana l ys i s .  
3. Temperature. I n  t he  ana l ys i s ,  t he  average monthly tempera- 
t u res  from October 1914 through September 1965 were taken from t h e  
" C l i m a t i c  Summary o f  t he  Un i t ed  States"  pub l i shed  by t he  U.S.  Weather 
Bureau f o r  I l l i n o i s .  The mean o f  t he  monthly average temperatures a t  the 
s t a t i o n s  i n  Urbana and Bloomington was cons idered as t h e  average monthly 
' temperature o f  the  watershed. The r e l a t i v e  l o c a t i o n  o f  these two s t a t i o n s  
w i t h  respect  t o  the  watershed has suggested t h i s  choice.  
4. P o t e n t i a l  Evapotranspi  r a t  ion.  Necessary t o  t h e  a n a l y s i s  o f  
the watershed h y d r o l o g i c  system i s  the  e s t i m a t i o n  o f  t h e  monthly p o t e n t i a l  
evapo t ransp i ra t i on .  There a re  severa l  methods f o r  t he  computat ion o f  t he  
p o t e n t i a l  evapotranspi  r a t  ion.  The method proposed by Hamon [ I 0 1  was used 
because i t  has been t es ted  i n  l I 1  i n o i s  [ I  I] w i t h  s a t i s f a c t o r y  r e s u l t s  and 
the  computat ion and the  da ta  requirement a re  r a t h e r  s imple.  
The formula proposed by Hamon i s  
where E i s  t he  d a i l y  p o t e n t i a l  evapo t ransp i ra t i on  i n  inches, D i s  t he  P 
p o s s i b l e  hours o f  sunshine i n  u n i t s  o f  12 hours and P t  i s  t h e  s a t u r a t i o n  
vapor dens i t y  (abso lu te  hum id i t y )  i n  grams per  cub ic  meter a t  the  da i  l y  
mean temperature. The va lue  o f  D depends on t he  l a t i t u d e  o f  the  watershed 
and t h e  month o f  t he  year.  The va lue  o f  Pt depends on t he  temperature.  
Tables f o r  eua lua t i ng  t he  values o f  D and P t  a re  p rov ided  by Harnon [121. 
The va lue  o f  D i s  e s s e n t i a l l y  t he  monthly dayt ime c o e f f i c i e n t  of t he  
Hargreaves evapotranspi  r a t i o n  formula [13] .  The va lue  of P t  can be found 
f rom the  Smithsonian Meteoro log ica l  Tables. For the  watershed under con- 
s i d e r a t i o n ,  i t s  average l a t i t u d e  i s  40" N .  The va lues o f  D~ f o r  the 
twelve months a re  0.64 (Jan.) ,  0.79 ( ~ e b . ) ,  0.99 (Mar.) ,  1.22 (Apr . ) ,  
1.44 (May), 1.56 ( ~ u n e ) ,  1.51 ( ~ u l y ) ,  1.31 (Aug.), 1.08 (sep t . ) ,  0.86 
( ~ c t . ) ,  0.69 (NOV.) ,  and 0.61 ( ~ e c . ) .  
The monthly p o t e n t i a l  evapo t ransp i ra t i on  can then be computed by 
Epm = 0.0055 ~ K D ~ P ~  (20) 
where n i s  t he  number o f  days f o r  each month and K i s  a c o r r e c t i o n  f a c t o r  
equal t o  1.04 because P t  i s  es t imated  f o r  the  monthly mean temperature 
ins tead  o f  t h e  da i  l y  mean temperature. 
C .  E s t a b l i s h i n g  t he  Records f o r  Conceptual Watershed Storage 
and Ac tua l  Evapot ransp i ra t ion  
Rewr i t i ng  Eq. (1) g ives  
Since t he  values o f  monthly p r e c i p i t a t i o n  X t  and monthly r u n o f f  Y t  a re  
known from the  h i s t o r i c a l  records, i t  i s  obvious f rom t h e  above equat ion  
t h a t  i f  t h e  record  f o r  t he  conceptual watershed s to rage  S t  were known 
then t h e  record f o r  t he  ac tua l  monthly evapo t ransp i ra t i on  E t  cou ld  be 
e a s i l y  es tab l i shed .  On t he  o t h e r  hand, i f  the  record  o f  E t  were known and 
an i n i t i a l  va lue  o f  S t  were assumed, then the  record  o f  S t  cou ld  a l s o  be 
es tab l i shed .  Un fo r tuna te ly  n e i t h e r  S nor  E can be computed i n  a  d i r e c t  
t t 
manner. r 
I t  i s  known, however, t h a t  i n  l a t e  September and e a r l y  October 
o f  each year  i n  I l l i n o i s  t h e  amount o f  su r f ace  wate r  on the  watershed and 
the  s o i l  mo is tu re  a re  a t  a minimum. Especia l  l y  i n  t he  case o f  very  low 
amount o f  p r e c i p i t a t i o n  du r i ng  t h e  months o f  August, September and October,  
t he  watershed s to rage  must be the  lowest.  Th is  lowest amount o f  s to rage  can 
be considered as t he  re ference p o i n t  o f  t he  conceptual  watershed s to rage .  . 
I n  o t h e r  words, the  conceptual  watershed s to rage  i s  taken as zero a t  the  
beg inn ing  o f  t he  October o f  t he  year  hav ing very  low p r e c i p i t a t i o n  du r i ng  
t he  months o f  August, September and October. I n  t h e  p resen t  ana l ys i s ,  
t h i s  happens t o  be t he  case f o r  the yea r  o f  1914. 
Once the  i n i t i a l  s tage o f  t he  conceptual  watershed s to rage  i s  
es tab l i shed ,  the  f o l l o w i n g  procedure may be f o l l owed  t o  e s t a b l i s h  t he  
records o f  conceptual  watershed s to rage  and actua 1 evapot ransp i r a t i o n .  
I f  S t - l  + X t  - Y t  2 Ept  where E i s  t he  p o t e n t i a l  evapotran- P t 
s p i r a t i o n  f o r  t he  t - t h  t ime i n t e r v a l ,  then the  a c t u a l  evapo t ransp i ra -  
- Ept .  Thus, the  i n i t i a l  s to rage  S t  f o r  t h e  nex t  t ime i n t e r v a l  t i o n  E t  - 
can be computed by Eq. ( 1 ) .  
I f  + X t  - Y t  < Ep t ,  then E t  = S t - l  + X t  - Y t  and Eq. (1)  
g ives  S t  = 0. 
The mass curves o f  X t ,  Y t ,  E t  and S t  - St- 1 a re  shown i n  F ig .  2. 
The d i f f e r e n c e  between C X t  and C Y t  i s  e s s e n t i a l l y  equal t o  C E t  s i n c e  
C ( s t  - St-l) i s  r e l a t i v e l y  smal l  as p l o t t e d  i n  an en larged sca le .  The 
mass curve f o r  S t  - St-1 represents  t he  v a r i a t i o n  i n  conceptual  watershed 
s to rage  w i t h  a  mean o f  3.5 inches. 
D. Ana lys is  o f  t he  Hyd ro log i c  Processes 
I n  t h i s  ana l ys i s ,  t he  s t o c h a s t i c  processes of p r e c i p i t a t i o n ,  
conceptual  watershed s to rage  and evapo t ransp i ra t i on  a re  n o t  t o  be t r e a t e d  
independent ly o f  each o t h e r  b u t  they a r e  considered as a  three-dimensional  
v e c t o r  o r  a  m u l t i p l e - t i m e  s e r i e s .  Wi thout  i n t r o d u c i n g  t he  theory  o f  
m u l t i p l e - t i m e  s e r i e s ,  which has y e t  t o  be f u r t h e r  developed and r e f i n e d ,  
t he  f o l l o w i n g  assumptions a re  t o  be made i n  the  p resen t  a n a l y s i s :  
(a) Each s t o c h a s t i c  process cons i s t s  o f  two p a r t s ;  namely, one 
d e t e r m i n i s t i c  and t he  o t h e r  random and unco r re l a ted  t o  t he  d e t e r m i n i s t i c  
p a r t  and t he  p a r t s  o f  o t h e r  processes. 
(b) The d e t e r m i n i s t i c  p a r t  o f  each s t o c h a s t i c  process cons i s t s  
a l s o  o f  two p a r t s ;  one p a r t  depending o n l y  on t ime and t he  o t h e r  p a r t  
depending on the  v e c t o r  o f  the  s  tochas t i c  processes o f  p r e c i  p i  t a t  ion ,  
conceptual  watershed s to rage  and a c t u a l  evapo t ransp i ra t i on  a t  p rev ious  
t ime i n t e r v a l s .  
Based on t he  above assumptions, t h e  f i r s t  s t ep  i s  t o  determine 
t h e  d e t e r m i n i s t i c  p a r t  o f  each process which depends on t ime. From the  
exper ience i n  hydro logy and t he  e x h i b i t i o n  o f  h y d r o l o g i c  data,  t h e  
d e t e r m i n i s t i c  p a r t  appears t o  be a  p e r i o d i c  f u n c t i o n  r a t h e r  than a  po ly -  
nomial o f  t ime. Hence, the sample correlograms can be computed f o r  each 
process t o  t e s t  t h e  ex is tence  o f  harmonic components i n  t he  process. 
The s e r i a l  c o r r e l a t i o n  c o e f f i c i e n t s  r k  f o r  t ime l ag  k f o r  t h e  
processes o f  p r e c i p i t a t i o n ,  conceptual  watershed s to rage  and t he  evapo- 
t r ansp i  r a t i o n  were computed by Eqs. (7), ( 8 ) ,  (9) and (10) f o r  t = 1,2,. . . ,T. 
I n  t he  present  s tudy,  T i s  t he  l eng th  o f  the records equal t o  
612 months and k i s  from zero t o  n/lO,say 60. The correlograms, o r  t he  
p l o t s  o f  r versus k ,  f o r  p r e c i p i t a t i o n ,  conceptual  watershed s to rage  and k 
evapo t ransp i ra t i on  a r e  shown i n  F igs.  3, 4 and 5 r e s p e c t i v e l y .  For a l l  
t h ree  processes these correlograms a re  o s c i l l a t i n g  w i t h o u t  any i n d i c a t i o n  
o f  damping, thus revea l i ng  t he  presence o f  harmonic components i n  a l l  t he  
processes . 
I n  o rde r  t o  determine t he  per iods  o f  t he  harmonic components 
which w i l l  be inc luded  i n  t he  model t o  s imu la te  the  h y d r o l o g i c  processes 
and the  h y d r o l o g i c  system, t he  power spectrum f o r  each o f  t he  processes 
should be computed. 
From Eqs. (16) and (17) ,  t h e  raw and smoothed s p e c t r a l  est imates 
may be w r i t t e n  r e s p e c t i v e l y  as 
and 
1 
Ub,) = ("c0 c o s - + X C  r k t  cos  IT^) m m m 
S u b s t i t u t i n g  Eq.  (18) f o r  the  Tukey-Hamming weights  i n  Eq.  (23) 
and s i m p l i f y i n g ,  
S i nce 
Trkt COS - ~ r k  ~ r k  "k - cos - ( t + l )  + cos -( t -1) COS - 
m m m m 
and 
1 
cos T r t  = -. - [cos Tr(t+l) + cos T r ( t - l ) ]  2  
Eq. (24) becomes 
m- 1  
Trk + 0.23 [ c  + 2  1 Ck COS - ( t+ l )  + Cm cos " ( t + l ) ]  2Tr 0 m 
,,, m 
Trk 
+= [ C  + 2  1 Ck cos -( t -1) + Cm cos ~ ( t - 1 )  ] (27) 
2Tr 0 . . m 
As the  raw s p e c t r a l  est imates can be represented by Eq. (22) ,  Eq. (27) may 
be w r i t t e n  as 
u(wt)  = 0.23 L ( U ~ - ~ )  + 0.54 L(wt) + 0.23 L(ot+,) 
Computer programs were w r i t t e n  t o  compute t h e  autocovar iance by 
Eq. (8) and t he  raw and smoothed s p e c t r a l  es t imates  by Eqs . (22) and (28) . 
The smoothed spec t ra  f o r  p r e c i p i t a t i o n ,  conceptual  watershed s to rage  and 
evapo t ransp i ra t i on  a re  shown i n  F igs.  6, 7  and 8, r e s p e c t i v e l y .  The sharp 
peaks e x h i b i t e d  i n  these spec t ra  i n d i c a t e  a  s i g n i f i c a n t  amount o f  t h e  
va r i ance  w i t h ,  t he  p e r i o d i c i t i e s  o f  12-month and 6-month which a r e  
app rop r i a te  f o r  use i n  t he  model. 
E. De te rmina t ion  o f  t he  System Model 
The proposed model f o r  t he  h y d r o l o g i c  processes i s  a  combinat ion 
o f  the sum-of-harmoni cs and. the autogress i on  t ime se r ies  models. $ i nce 
the r e s u l t s  o f  the  correlogram and spec t ra l  analyses i n d i c a t e  the  presence 
of the 12-month and 6-month p e r i o d i c i  t i e s ,  t h e  general model f o r  the  
hyd ro log i c  s tochas t i c  processes under study may be w r i t t e n  i n  the form 
2lT t 2lT t U t  = c1  + c s i n  - +  c3 C O S -  2  12 
4lT t 4lT t + c4 s i n  + c5 cos -12 + U; 
where cl, c2, c3, c4 and c  are  the  c o e f f i c i e n t s  t o  be est imated and u '  
5 t 
i s  the res idua l  s tochas t i c  process w i t h  zero mean. This model was there- 
f o r e  used t o  f i t  the  hydro log ic  processes o f  p r e c i p i t a t i o n ,  conceptual 
watershed storage, and evapot ransp i ra t ion  by the  least-square method such 
as the one described by Brown [14] .  The c o e f f i c i e n t s  o f  the  model de ter -  
' mined f o r  p r e c i p i  t a t  ion, conceptual watershed storage and evapotranspi ra- 
t i o n  are  as fo l l ows :  
The f i r s t  f i v e  terms i n  the t ime se r ies  model represented by 
Eq. (29) are a  p o r t i o n  o f  the  d e t e r m i n i s t i c  p a r t  o f  the  simulated hydro- 
l o g i c  s tochas t i c  processes. The f i r s t  term i s  a  constant w h i l e  the  second, 
t h i r d ,  f o u r t h  and f i f t h  terms are d e t e r m i n i s t i c  harmonics as func t ions  o f  
time. The l a s t  term u; represents the res idua l  s tochas t i c  process which 
may cons is t  o f  a  d e t e r m i n i s t i c  p o r t i o n  and the random p a r t  o f  the  model. 
Th i s  d e t e r m i n i s t i c  p o r t i o n  may be c o r r e l a t e d  w i t h  t he  vec to r  o f  t h e  proc- 
esses o f  precipitation, conceptual  watershed s to rage  and evapot ransp i ra -  
t i o n  a t  p rev ious  t ime  i n t e r v a l s ,  w h i l e  t h e  random p a r t  o f  t h e  process may 
be s imu la ted  by a rep resen ta t i ve  p r o b a b i l i t y  d i s t r i b u t i o n .  The determina- 
t i o n  o f  a s u i t a b l e  model f o r  t he  res idua l  s t o c h a s t i c  process w i l l  r e q u i r e  
f u r t h e r  i n v e s t i g a t i o n .  I n  f u r t h e r  i n v e s t i g a t i o n ,  i t  may be suggested 
t h a t  t h e  d e t e r m i n i s t i c  p o r t i o n  o f  t he  r e s i d u a l  s t o c h a s t i c  processes be 
analyzed by t he  cross-spect rum theory  [ e l .  A 1  though t he  res i dual s tochas- 
t i c  process i s  a s i g n i f i c a n t  component o f  the  model, i t s  magnitude i s  o f  
r e l a t i v e l y  low order .  As a f i r s t  approx imat ion t he  res idua l  s t o c h a s t i c  
processes i n  t he  watershed system may be considered complete ly  random 
w i t h  t h e i r  means equal t o  zero. Thus, f o r  t he  present  study, X;=E;=S;=O 
and t h e i r  var iances were found t o  be 2.754, 0.465 and 4.136 respec t i ve l y .  
T h e i r  p r o b a b i l i t y  d i s t r i b u t i o n s  may be roughly  assumed as normal a t  present  
u n t i l  b e t t e r  p r o b a b i l i t y  d i s t r i b u t i o n  models a re  t o  be found i n  f u t u r e  
i n v e s t i g a t i o n .  
Wi th  the h y d r o l o g i c  processes o f  p r e c i p i t a t i o n ,  conceptual  
watershed s to rage  and evapo t ransp i ra t i on  be ing determined, t he  r u n o f f  
process may be formulated f rom Eqs. (1) and' (29) as 
n t  Tl t 
nt 0.0303 s i n  - Y t  = 0.8036 + 0.5024 s i n  T+ 1.7778 cos -g - 3 
+ 0.6064 cos nt+ 0.5786 s i n  n ( t - 1 )  3 'm(t-l) - 2.3821 cos 6 
+ 0,5583 s i n  Tl(t-l) - 0.1366 cos + X; - E; - ( 5 ;  - S;-l) (31) 
3 3 
Th is  i s  t he  system model expressed f o r  t h e  r u n o f f  process of t he  upper 
Sangamon R iver  bas in  above M o n t i c e l l o ,  I l l i n o i s .  Th is  model can be 
employed t o  generate s t o c h a s t i c  monthly s t reamf low va lues f o r  use i n  t h e  
a n a l y s i s  o f  wa te r  resources systems. I t i s  o f  p a r t i c u l a r  va lue  i n  the 
economic p lann ing  o f  water  supply  and i r r i g a t i o n  p r o j e c t s  which i s  con- 
cerned w i t h  t h e  long-range water  y i e l d  o f  t h e  watershed. 
V.  CONCLUSIONS 
The u l t i m a t e  o b j e c t i v e  o f  t he  research on t h e  s t o c h a s t i c  analy-  
s i s  o f  s t o c h a s t i c  hyd ro log i c  systems i s  t o  fo rmu la te  t he  mathematical 
model f o r  a s t o c h a s t i c  h y d r o l o g i c  system f o r  which a watershed i s  con- 
s idered.  The upper Sangamon R iver  bas in  above M o n t i c e l l o ,  I l l i n o i s ,  i s  
taken as an example of  t he  watershed. Th i s  s tudy has demonstrated t h a t  
such a model i s  f e a s i b l e  and i t s  a p p l i c a t i o n  t o  a p r a c t i c a l  problem i s  
workable. 
For t h i s  s tudy t he  1 i t e r a t u r e  on s t o c h a s t i c  processes and t h e i r  
a p p l i c a t i o n  i n  hydro logy were reviewed. I t  was found t h a t  the  app l i ca -  
t i o n  o f  t h e  theory of  s t o c h a s t i c  processes i n  hydro logy has b a r e l y  begun 
and t he  theory  has a p p l i e d  mos t l y  t o  s i n g l e  processes bu t  n o t  t o  composite 
h y d r o l o g i c  systems. The mathematical theory o f  s t o c h a s t i c  processes i s  
very  ex tens ive ,  b u t  u n f o r t u n a t e l y  most o f  i t  i s  w r i t t e n  n o t  f o r  p r a c t i c -  
i ng  engineers and h y d r o l o g i s t s .  Furthermore, a sys temat ic  theory  f o r  
t he  f o rmu la t i on  o f  a s t o c h a s t i c  system model i s  unava i l ab le  because t h e  
f o r m u l a t i o n  o f  t he  model r equ i res  t he  p r a c t i c a l  knowledge on t he  phys i -  
ca l  c h a r a c t e r i s t i c s  o f  the  process and t he  system which i s  u s u a l l y  lack -  
ing  on t he  p a r t  o f  t he  mathematic ian. Th is  s tudy t h e r e f o r e  at tempts t o  
i n t r oduce  t he  use bf a t h e o r e t i c a l  model t o  the. s i m u l a t i o n  o f  a p r a c t i -  
c a l  h y d r o l o g i c  system. 
Based on t he  p r i n c i p l e  o f  conserva t ion  o f  mass, t h e  watershed 
system i s  represented by t h e  mass balance equat ion  i n  which t he  system 
components o f  p r e c i p i t a t i o n ,  conceptual  watershed s to rage ,  evapot ransp i r -  
a t i o n  and r u n o f f  a re  considered as s t o c h a s t i c  processes. Whi l e  t he  data 
o f  p r e c i p i t a t i o n  and runoff  a re  g iven ,  a method was developed t o  estab- 
l i s h  t h e  unknown records o f  conceptual  watershed s to rage  and evapotran- 
s p i r a t i o n .  
A d e t e r m i n i s t i c  p o r t i o n  o f  t he  system component process i s  
analyzed by t he  theory  of  corre logram and spectrum. Computer subrou t ines  
were programmed f o r  t he  computat ion o f  correlograms and spec t ra  o f  a 
d i s c r e t e  t ime  s e r i e s  o f  f i n i t e  leng th .  The expected values o f  t he  system 
components o f  p r e c i p i t a t i o n ,  conceptual  watershed s to rage  and evapotran- 
s p i r a t i o n  were thus found t o  be best  s imu la ted  by harmonics o f  12-month 
and 6-month p e r i o d i c i t i e s .  Th is  ana l ys i s  c o n s t i t u t e s  an impor tan t  s tep  
i n  t h e  at tempt  o f  cons ider ing  t he  n o n s t a t i o n a r i t y  o f  t he  processes i nvo l ved  
i n  t he  h y d r o l o g i c  system because t h e  expected values a r e  taken as func-  
t i o n s  o f  t ime b u t  n o t  constants .  
The h y d r o l o g i c  system model so fo rmu la ted  f o r  t he  upper Sangamon 
. R ive r  bas in  can be used t o  generate s t o c h a s t i c  s t reamf lows f o r  t h e  use i n  
the  p lann ing  o f  wa te r  supply  and i r r i g a t i o n  p r o j e c t s  i n  t h e  bas in .  The 
method developed i n  t h i s  s tudy  i s  t h e r e f o r e  formed t o  be o f  p r a c t i c a l  
va lue  i n  t he  ana l ys i s  o f  wa te r  resources systems; 
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